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Abstract This paper presents a method to convert the non-linear dynamics of a
system into their reformulated linearized forms using feedback linearization. The
proposed technique allows to transform the non-linear model of a system into a nth
order integrator form whose performance can be controlled. The process of feedback
linearization has been applied to non-linear models of dispersed generator (DG) units
and robotic agents to design an adaptive secondary control scheme for an AC micro-
grid disconnected to the main grid and a team of robotic agents, respectively. A
detailed case study with a deep simulation has been done to confirm the effective-
ness of the linearization technique and the adaptive control scheme. A comparative
analysis has been also done between the proposed adaptive control scheme and the
conventional cooperative control scheme for DG-based islanded AC microgrid to
further demonstrate the effectiveness of adaptive design of the controller.
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1 Introduction

The successful design of a controller depends on the nature and type of a system
to a great extent. The conventional controller synthesis techniques and system sta-
bility analysis methodologies following graphical methods (root locus), lag lead
compensator design using bode plot or Nyquist plot, PID controller design via
Ziegler-Nichols, Cohen-coon, etc., tuning algorithms, Kharitoniv’s theorem, find-
ing eigenvalues of the system, state feedback control via pole-placement holds good
for linear time invariant systems [1]. Hence, the stability analysis of a system and the
controller synthesis can be implemented using the above-mentioned classical and
modern control schemes.

The design of controller for analyzing the performance of non-linear systems and
ensuring their asymptotic stability faces a multitude of problems in terms of refer-
ence tracking, steady state error minimization and meeting the desired time domain
specifications [2]. In [3], cooperative control design of multi-missile system has
been shown where missiles are represented by their linearized forms. Li et al. [4]
discuss about the optimal cooperative controller design for multi-agent systems over
fixed communication network topology. In [5], cooperative control scheme for multi-
vehicle systems are discussed where the vehicular systems are represented by their
linearized models. This necessitates the transformation of non-linear models of a
system into their controllable reformulated linearized dynamics [6—8] so that the
classical and modern control schemes can be applied for the synthesis of controller.

In this work, the non-linear models of a system have been transformed into lin-
earized controllable single and double integrator systems using feedback lineariza-
tion. The concept of feedback linearization enables the application of an adaptive
control scheme for the design of secondary controller in a DG-based islanded AC
microgrid [9—12]. The DGs in an islanded AC microgrid are considered to be homo-
geneous systems having similar non-linear dynamics. The adaptive secondary con-
troller design comprises of secondary voltage and frequency control action. Using
feedback linearization, the DGs in an islanded AC microgrid are modeled as double
integrator agents for secondary voltage control and as single integrator agents for
secondary frequency control action.

The non-linear models of robotic agents working in a team have been also lin-
earized to double integrator systems using feedback linearization. A cooperative con-
trol scheme has been designed to achieve a common target by this team of robotic
agents.

A cooperative control framework in a multi-agent system provides a rapid coor-
dination and agreement among the agents [13—17]. Each agent exchanges their state
information to their neighboring agents via communication network [18]. Coopera-
tive control can be classified as a design to achieve formation control and consensus.
Consensus can be further classified as leaderless consensus and leader following
consensus. In case of leaderless consensus scheme, a particular state is formed by
calculating the average of the initial states of all the participating agents present in
multi-agent network. The controller design forces the state of all agents to reach the
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Table 1 Notation

Microgrid parameters symbol | Corresponding meaning

; Angular frequency of the ith DG

Wcom Rotating reference frequency

b Angle of the ith DG reference frame

o, Bi Measured active and reactive power at the DG terminal
Mg, np; Droop coefficients

Wn; s Vn; Primary control references

I l*d,- L l’;” V3 d; Vs ” Current and voltage controller references

V2, and I, Power controller reference

Vd; » Vg;» Aa; and dg; Auxiliary state variables for the voltage and current controllers
wc; Cut-off frequency of the low-pass filters

wp Nominal angular frequency

Ky, Ky, K3, and Ky, PI type controller gains of both the voltage and current controllers, respectively
Ry, Cy;, Ly, Output filter parameters

Rzi ,L 2; Output connector parameters

Visd; » Vbsq; Bus voltages of ith DG along d-q axis

Vi " Vliqi Line voltages of ith DG along d-q axis

Robot parameters symbol Corresponding meaning

wr; Angular velocity of ith robot

Or; Heading angle of the ith robot

r; Linear velocity of the ith robot

Uryi Feedback linearized control input along y-axis

Ur,; Feedback linearized control input along x-axis

ur; Feedback linearized control input

Vry; Linear velocity component along Y-axis

Vry Linear velocity component along X-axis

calculated average of all initial states. The leader following consensus scheme (see
Fig. 1) drives the states of all participating agents in multi-agent network towards the
state of leader.

The controller design requires the coupling gain, formation control vector, the
state feedback gain and the cooperative tracking error formed by the elements of
adjacency matrix and exchange of state information. Table 1 describes the notations
used in the work.

The main objective of the work has been outlined as follows:

(i) Convert the non-linear dynamics of a system to its linearized controllable form
using feedback linearization so that feedback control laws can be applied.

(i1) Apply feedback linearization upon non-linear DG models and then design an
adaptive control scheme in a DG-based islanded AC microgrid.

(iii) Use feedback linearization as a tool to linearize non-linear robot models,
which is required to design an adaptive control scheme for a team of two-wheel
mobile robots working in a mission.
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Fig.1 Leader following
multiple agents in a
distributed network

—Followers

2 Technical Background and Essential Preliminaries

2.1 Feedback Linearization

The principle idea is to transform a non-linear system into a fully or partially lin-
earized system so that the feedback control laws could be applied. Feedback lineariza-
tion can be classified as input-state linearization and input-output linearization. In
input-state linearization, the full state equation is linearized and in input-output lin-
earization, the output equation is linearized and is explicitly expressed in terms of
the control input. Here, the state equation may or may not be linearized.

Consider the state equation
x=f(x)+gxu
M
{ y = h(x)

In input-state linearization, the goal is to cancel out the non-linearities in f (x) and
g(x) and in input-output linearization, the goal is to cancel out the non-linearities in
h(x).

2.2 Control Scheme

This paper mainly discusses the leader following consensus scheme to design the
adaptive controller. The controller operates to drive the voltages and frequencies
of the microgrid DG units to reach the consensus value. The consensus value is
considered as reference in the network. In case of networked robotic agents, the
cooperative controller performs its operation to make the robots move towards a
targeted object and the targeted object is considered as the leader.
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2.3 DG-Based Islanded AC Microgrid

The DG units of the islanded AC microgrid are characterized by a set of governing
differential-algebraic equations (DAEs), which are given by:

W = Wy; — My, &

v;,magi = Vn; — nﬂi,Bi 2)

¢ = w; — Weom

The dynamical equations of the power controller are given by:

{ & = —we,o; + 0, (Vaa, Lo, + Vog, Ig,) 3

pi = —we, Bi + o, (Vagi oa, — Vaa, Iag,)
The dynamical equations of the voltage controller are given by:

{ Il:i,- = 77i12d,- - wbcli VZfIt + Kli(v2*d,- - VZdi) + Kzi Wd,- (4)

1y, = Nihg — wpCy, Vag, + K1, (V3 — Vag,) + Ko, Yy,
The dynamical equations of the current controller are given by:

{ Vz:l, = _walillfb + K3i (Ifd,- - Ildi) + K4i)\'di (5)

‘/i:Ii = wpLy; g, + K3, (II*Qi - Il‘]:‘) + Ky, 2y,

The dynamical equations of the LC filter present on the output end of DG and the
output connector are given by:

jld- = _&Ild- + w; I, + LVl — LVZd.
; L, qi Ly, T,
jlq- =—&Il .—CI)‘Ild.-i-LVI. _LVQ.
’ Ly, " 77 Lyt Ly, ™
Vag, = @ Vag, + C_lilldi - Cililzcz,,
. 1 1 ©)
Vagy = —wi Vg, + ¢, fta = g P
by = _&IZdv + w; Iy, + LVZaﬁ — — Visd;»
! Ly ™ "Ly, 7Y Lo, '
: 5 1
by, = _L_z,.lzqi — wil, + L—szqi - L_vasq;-

i i
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Equations (2—-6) suggest us to form the compact state-space model of an inverter-
based DG unit, which is expressed as
= gi(X; ixDOWi + t(x)u; .
X =g ) rm)Wi L& g o %)
yi = fi(xi)

where the expression of the state vector x; of the ith DG unit is given by
T

X; = [(ﬁl o ,Bi '(//d,. wqi )‘d,- )\'Qi Ild,- Ilq,' V2di VZ!]:‘ IZd,- Iqu.] and W,’ forms a known

disturbance.

2.4 Robotic Agents in a Mission

A team of mobile robots connected through a non-varying communication net-
work works in a mission to achieve a particular target. The kinematic equations
that describe the two-wheeled mobile robot are given by

{ xi = v, cos 6y, Xy = v, sinb, and 0, = w, (3

foralli € {1,2,...,n,} where n, represents the number of robotic agents present
in the team.

3 Main Results

Lemma 1 Consider a smooth scalar function h : R" — R and a smooth vector field
f : R" — R"on R", then the lie derivative of h with respect to f is a scalar function
given by L yh = Vhf. Lie derivative represents the directional derivative of h along
the direction of vector f.

Lemma 2 Consider f and g as two vector fields on R", then lie bracket of f and g is
another vector field defined by [ f, gl = Vgf — V fg.

Lemma 3 Relative degree of output refers to the number of times the output is being
differentiated so that input explicitly appears in the output. If n is the order of the
system and k is the relative degree of output, then

(i) if k = n; system is fully feedback linearizable.

(ii) if k < n; system is partially feedback linearizable.

Here the discussion will be restricted to a fully feedback linearizable system.
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3.1 Feedback Linearization

This section focuses on input-output feedback linearization since the adaptive con-
troller design of islanded AC microgrid and the cooperative controller design of
a team of robotic agents work on linearized systems. This is obtained by applying
input-output feedback linearization on the non-linear model of DGs in microgrid and
robots in a team of robotic agents. The key idea is to cancel out the non-linearities
in the system by choosing an appropriate control input.

Theorem 1 Using input-output feedback linearization, a non-linear system given
by Eq. (1) can be transformed into an equivalent linear system

Viel{l,2,...n 9
. e { ) ©

{ zi = Azi + By;
Where z; is the feedback linearized state, y; is the feedback linearized output and v; is
the auxiliary control input. If there exists a feedback control inputu = a(x) + f(x)v
and a change of state variable Z = T (x) that can transform the non-linear system
into an equivalent linear system, then all the classical techniques can be applied to
the resulting closed loop system.
Proof Differentiating the output equation present in Eq. (1) with respect to time, we

get

oh
y=—1x 10)
x

Substituting x from Eq. (1) in Eq. (10) gives us

. 0h
y = (f&) +gnu)
X
Applying Lemma 1, we get
y=Lsh(x)+ Lgh(x)u (11)

Since the work moves forward with a fully feedback linearizable system (i.e. k =
n), the input should appear explicitly only on the output equation corresponding to
the kth derivative. Therefore, the expression L h(x)u in Eq. (11) is ignored. Thus,
Eq. (11) is reduced to

y = Lgh(x) (12)

Differentiating twice the Eq. (12) gives us

L h
y@ = Lt

0x (13)

Substituting x from Eq. (1) in Eq. (13) gives us
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oL +h
y? = g—xmmx) + g(x)u)

Using Lemma 1, we get
¥y =L h(x) + LgL h(x)u (14)

Since still we are moving forward with a fully feedback linearizable system (i.e.
k = n), the input should appear explicitly only on the output equation corresponding
to the kth derivative. Therefore, the expression L, L h(x)u in Eq. (14) is ignored. If
we move up to kth derivative of the output equation, the expression becomes

y® = L*h(x) + Ly LY h(x)u (15)

In Eq. (15), the term L gL’}_lh(x)u has to be non-zero as the relative degree of
the system is considered as k. The control input u will be chosen in such a way so
that it cancels out the non-linearities in Eq. (15). Considering the above statement,
control input has been chosen as

= [v- Lk 1
u LgLf‘f‘lh(x)[v h(x)] (16)

Substituting u from Eq. (16) to (15), we get,

ykzvorysz..../v (17)

which indicates that output is obtained by k-times integrating v.
Let ¢1(x) =y = h(x)
$2(x) =y = Lrh(x)
$3(x) = @ = L2h(x)
and ¢ (x) = y© = L7'h(x)
In matrix form, ‘

61(6) hx)
b || Lkt

b = | $:s0) | = | L) (18)
s | L5

Let the change of coordinates be
4 =¢i(x) =Ly h(x); 1 <i <k (19)

Hence it can be written as
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$1(x) 21
$2(x) 22
d(x) = |dsx) | = | z3 (20)
oI
Now we get,

i1 =22

=123

3 =24 @1

Z'n—l =Zn

Z=v

This proves that the resulting closed-loop system is linear and controllable. W

The linearized state space model is thus given by

zi = Azi + By;

Vie{l,2,...n 22
e ( ) 22)
010..0
001..0
Where A=|" "~ " s
000..1
000..0

nxn

B=[000..01]
c=[1000..0],,

3.2 Adaptive and Cooperative Controller Design

In this section, the controller design following cooperative control algorithm having
adaptive potential will be discussed separately for secondary control of AC microgrid
not connected to main grid and distributed control of robotic agents in a mission of
achieving a target. Figure 2 represents the schematic diagram of DG-based islanded
AC microgrid, and Fig. 3 shows the distributed robots in a mission of achieving a
target.
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Fig. 3 Robotic agents in a mission

3.2.1 DG-Based Islanded AC Microgrid

This section discusses the de-centralized secondary adaptive voltage and frequency
control scheme for an AC microgrid operating in islanded condition and consisting
of N DG units. Using input-output feedback linearization, the linearized double
integrator dynamics of the DG units for the design of secondary adaptive voltage
controller is obtained as



Application of Feedback Linearization in Adaptive Controller Design 121

zi = Az; + By,
Vie(l,2,...N} (23)
yi=Cz
and the linearized single integrator dynamics for secondary adaptive frequency
controller design is given by

d)i = Uy Vi € {1,2,N} (24)

Consider a spanning tree reflected through the adjacency matrix A = [a;;]
Vi, j € {1,2,... N} that exists in microgrid network having non-varying topol-
ogy among the DG units. The dispersed generator units achieve perfect voltage and
frequency consensus by the following proposed secondary adaptive voltage and adap-
tive frequency control algorithm.

Control Algorithm 1: Secondary adaptive voltage control

1 : Select A/ number of DG’s in the microgrid.
2 : Select Positive definite matrices Q, = @7, > 0& R, = RT, > 0.
3 : Calculate positive definite matrix P, from the ARE equation
AP, +P,A+ Q,— P,BR;'B"P, =0. (25)
4 : Find the value of controller gain K, = —R;'B' P,.
5 : for each individual DG i € {1,2,...,N} do
6 : Calculate cooperative tracking error (§,;) from

Ei= Y aj(u—z)+8&@—2) Yiell,2,...,N} (26)
JeN:

where z( represents the reference voltage state, g; > 0 becomes the pinning gain and
N; corresponds to the set of all neighbouring DGs of the ith DG unit.

7 : Determine adaptive coupling gain c,; by integrating ¢,; = SUTi ®,&,; where ®, =
P,BR;'BTP,.

8 : Calculate p,; = &) P&,;.

9 : Find the DG control input v,; from v,; = v; K,&,; where v; = (cy; + i) -

end for

10 : Repeat step 6 to step 9 for all DG units in the microgrid.

Control Algorithm 2: Secondary adaptive frequency control

1 : Select A/ number of DG’s in the microgrid.
2 : Select Positive definite matrices Oy = Q% >0 & Ry = R} > 0.
3 : Substituting Q r, Ry in Eq. (25) and with proper values of A and B, calculate
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solution Py of ARE.
[

4 : Find the value of controller gain Ky = —,/ *
5 : for each individual DG i € {1,2,...,N}d

6 : Calculate cooperative tracking error (§;) from

Efi = Z aij (0 — o) + gi (0 —wy) Vi e{l,2,...,N} (27)
JEN;

where wy represents the reference frequency state, g; > 0 becomes the pinning gain
and \V; corresponds to the set of all neighbouring DGs of the ith DG unit.

7 : Determine adaptive coupling gain c; by integrating ¢y; = Q 5]%5-

8 : Calculate py; = \/Q R 7.

9 : Find the DG control input vy, = (¢ + pri) Ky &5

end for

10 : Repeat step 6 to step 9 for all DG units in the microgrid.

3.2.2 Robotic Agents in a Mission

Applying feedback linearization, the non-linear kinematic model of the two-wheeled
mobile robot is transformed into a linear state-space model given by

Xy, = Ax,, + Bu,, and y, =Cx, Vie{l,2...n.} (28)

T T . .
where x,, = [Xyi vy, Xyi vp,| 2 ur, = [ur, ur,] . Consider a spanning tree charac-
terized by the adjacency matrix A = [a;;] Vi, j € {1,2,...n,} that connects the
robotic agents in a robotic network team. The robots maintaining a formation vector

h with respect to a formation reference track their desired target r(¢) perfectly by the
following cooperative control protocol

ur, =0 K Y aij((yr, = hi) = O0r, = hj)) + gy, — hi — 1) (29)
j=1

Vi € {1,2,...,n,} having controller gain K and for coupling gain .

4 Case Study

This section shows a particular case where AC microgrid works in an islanded con-
dition and comprises of four DG units. The positive definite matrix Q, control effort
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R, controller gain K, ARE solution P, and the reference voltage and frequency state
for voltage and frequency controller design are given below.

4.1 Case 1: Voltage Controller Design in a DG-Based

Islanded AC Microgrid
915 0
Oy = 0 13181 R, = 0.1 & reference voltage state zo = [Zm Zoz] where zo;

= Ipu (1 pu =430 V) and zp, =0 pu.
1106.10 9.56
K, = [95.65 115.63] & P, = 956 11.56]'
The voltage response of the DGs due to adaptive design of the microgrid secondary
voltage controller of the considered AC microgrid disconnected to main grid is shown
in Fig.4 for the above-mentioned design parameters.

4.2 Case 2 : Frequency Controller Design in a DG-Based
Islanded AC Microgrid

Qr=150,R; =0.1. Py = 3.87 & K; = 38.72. Reference frequency = 1 pu (1 pu
= 50 Hz). Figure 5 shows the frequency response of the DGs due to adaptive design
of the microgrid secondary frequency controller for the above-mentioned design
parameters.

—Voltage of DG 1
—Rate of change of voltage of DG 1
—Voltage of DG 2
— Rate of change of voltage of DG 2 -
—Voltage of DG 3

Rate of change of voltage of DG 3
—Voltage of DG 4
—Rate of change of voltage of DG 4
——Reference voltage u
—Rate of change of reference voltage

| 1 1 1 1 1 1 1 1

0 1 2 3 4 5 6 7 8 9 10
Time (sec)

Fig. 4 Voltage response of the DGs due to adaptive design of the secondary voltage controller
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T T T

—Frequency of DG 1

0.8 ’] —Frequency of DG 2 7
= \ ——Frequency of DG 3
L ~——Frequency of DG 4
5, 0.6 —Reference frequency T
c
g
304 .
(0]
S
L
0.2 .
O = 1 1 1 : 1 =
0 0.05 0.1 0.15 0.2 0.25
Time (sec)

0.3

Fig. 5 Frequency profile of the DGs due to adaptive design of the secondary frequency controller

3 T

8]

Cooperative tracking response
- o

0.5

p —_—1, — = =YL,
/ Y2, T T ~ Y2,
25 [I \ Yig, =2
)/ \N — ry=0.5
— — —
1 1 1 1 1
5 6 7 8 9

Time

10

Fig. 6 Reference tracking following cooperative control scheme by three two-wheeled mobile

robots

4.3 Case 3 : Cooperative Control of Three Two-Wheel Mobile

Robots

Here, the team comprises of three two-wheel mobile robots having formation vec-
tor h = 0, which are connected through a particular network topology and aim to
reach a particular target r = [r| r,]" = [2 0.5]". Figure 6 shows the states of three
robots (R;, R, R3) tracking the reference following cooperative control protocol.
The linearized robot models are represented by a decoupled double integrator system

M) =hL®+.
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Table 2 Comparative analysis: adaptive versus conventional cooperative control algorithm of
voltage controller

Time domain specifications Adaptive control Cooperative control
Rise time 2.65 4.75

Settling time 4.7 8.39

Overshoot percentage 0 0

Peak time 10 15

Table 3 Comparative analysis: adaptive versus conventional cooperative control algorithm of
frequency controller

Time domain specifications Adaptive control Cooperative control
Rise time 0.058 0.15

Settling time 0.095 0.232

Overshoot percentage 0 0

Peak time 0.3 0.5

0.8 —Voltage of DG 1 7
=5 —Rate of change of voltage of DG 1
o 0.6 —Voltage of DG 2 |
\E; g — Rate of change of voltage of DG 2
o)) —Voltage of DG 3
© Rate of change of voltage of DG 3
% 0.4 —Voltage of DG 4 7
> —Rate of change of voltage of DG 4

—Reference voltage
0.2 —Rate of change of reference voltage T
0
J 1
0 5 10 15

Time (sec)

Fig. 7 Voltage response of the DGs due to cooperative design of the secondary voltage controller

The proposed adaptive control algorithm of the voltage and frequency controller
of DG-based islanded AC microgrid has been compared with the standard con-
ventional cooperative control algorithm [17]. The design of cooperative voltage con-
1(2)2 5(7)0:|,control effort R, = 0.1
and controller gain K, = [34.92 75.95]. The design parameters for cooperative fre-
quency controller design are Q; =3.7, Ry = 0.1 and K; = 6.08. Figures7 and
8 show the cooperative voltage and frequency profile of DG-based islanded AC
microgrid. The comparative analysis of the proposed adaptive control algorithm
over the conventional cooperative control law in terms of some of the time domain
specifications is presented in Tables 2 and 3.

troller demands the positive definite matrix Q, = |:
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—Frequency of DG 1 -

g_ — Frequency of DG 2

~ —Frequency of DG 3

5\ ——Frequency of DG 4 ol
OC) —Reference frequency

3

o -
(0]

=

w

Ok L L L 1 1 L L | | =
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Time (sec)

Fig. 8 Frequency response of the DGs due to cooperative design of the secondary frequency
controller

4.4 Discussion

A fine controller tuning has been done for the adaptive controller having variable cou-
pling gain and adaptive voltage and frequency profile of the microgrid are shown in
Figs.4 and 5. Figures 7 and 8 show the fine-tuned cooperative voltage and frequency
profile of the considered microgrid network for the specified controller parameters.
Some time domain specifications are given in Tables 2 and 3 for both the voltage and
frequency profile obtained from both the mentioned controller designs. The data in
Tables 2 and 3 clarify the comparative analysis of secondary adaptive and cooperative
control schemes for the considered microgrid network.

5 Conclusion

In this work, the method of conversion of non-linear dynamics of the systems into
their reformulated linearized forms using feedback linearization has been discussed
in details. Input-output feedback linearization has been used to convert the non-linear
dynamics into single and double integrator forms. These linearized forms enabled the
application of adaptive and cooperative controller design in a multi-agent network.
The multi-agent networks considered here are DG-based islanded AC microgrid and
a team of robotic agents. Secondary controller design employing adaptive control
algorithm has been done successfully for DG-based islanded AC microgrid com-
prising of four DGs. A comparative analysis done between the proposed adaptive
control algorithm and the conventional cooperative control law demonstrates the
effectiveness of the proposed adaptive control design of the microgrid secondary
controller. Distributed cooperative controller design for achieving a target object has
also become successful for a team of robotic agents comprising of three two-wheel
mobile robots. In future, the objective is to design the gain of adaptive controllers
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using negative imaginary/strictly negative imaginary (NI/SNI) property [19] so as
to ensure robust performance and to enhance robust stability of the interconnected
systems.
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